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Abstract. We provide a derivation of the Givental integral representation of the classical 
Whittaker function as a limit q — > 1 of the g-deformcd Whittaker function represented as 
a sum over the Gelfand-Zetlin patterns. 



Introduction 

The ^-deformed g[^ +1 - Whittaker functions can be defined as eigenfunctions of the g-deformed gt^+i- 
Toda chains |Ruj . |Et| . Among various eigenfunctions there exists a special class of eigenfunctions 
with the support in the positive Weyl chamber. By analogy with the classical case we call such 
functions the class one g-deformed gl^ +1 -Whittaker functions. In [GLOT] an explicit representation 
of the class one g-deformed g[£ +1 -Whittaker function as a sum over the Gelfand-Zetlin patterns 
was proposed. This representation has remarkable integrality and positivity properties. Precisely 
each term in the sum is a positive integer multiplied by a weight factor q wt and a character of the 
torus U[ +1 . This allows to represent the g-deformed g[£ +1 -Whittaker function as a character of a 
C* x L^ + i-module (i.e. it allows a categorification) . The interpretation of the q-deformed g^ + i- 
Whittaker function as a character shall be considered as a g-version of the Shintani-Casselman- 
Shalika formula [Sh] ■ |CSj . Indeed in the limit q — >• the g-deformed g[£ +1 -Whittaker function 
can be identified with the non-Archimedean Whittaker function and the representation of the q- 
deformed Whittaker function as a character reduces to the standard Shintani-Casselman-Shalika 
formula for non- Archimedean Whittaker function [Sh], |CS| . 

In the limit q — > 1 the q- Whittaker functions reproduces the classical Whittaker functions. It 
was pointed out in [GLQ1| that in this limit an explicit sum type representation of the class one 
g-deformed gl^+i -Whittaker function turns into the Givental integral representation for the class 
one gl£ +1 -Whittaker function [Gi] (see also |GKLOj ). Thus the Givental integral representation 
shall be considered as the Archimedean counterpart of the Shintani-Casselman-Shalika formula 
(for more details on this interpretation see |GLQ2j . [GLQ3| . [G]). In this note we provide a 
precise description of the q — > 1 limit reducing the g-deformed gl^ +1 -Whittaker function to its 
classical analog and explicitly demonstrate that the Givental integral representation arises as a 
limit of the sum representation of the g-deformed g[^ +1 -Whittaker function. This result is given by 
Theorem 3.1. The established relation between a sum over the Gelfand-Zetlin patterns for gt^ , 1 
and the Givental integrals for gl^ + i is a special case of a general relation between the Gelfand-Zetlin 
patterns and the Givental type integrals for classical series of Lie algebras CI.O 1.. This relation 
elucidates the identification of the Givental and the Gelfand-Zetlin graphs noticed in [GL04]. The 
relation between the Gelfand-Zetlin and Givental constructions described in this note should be 
also compared with the duality type relation introduced in [GLQ5| . We are going to discuss the 
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general form of the relation between the Gelfand-Zetlin and the Givental constructions for classical 
Lie algebras elsewhere. 
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1 g-deformed 0[^ +1 -Whittaker function 

In this Section we recall the explicit construction of the class one (/-deformed g[£ +1 -Whittaker 
functions derived in [GLQ1| . Quantum g-deformed jj[^ +1 -Toda chain (see e.g. [Ruj . [Et] ) is defined 

by a set of £ + 1 mutually commuting functionally independent quantum Hamiltonians 
r = l,...,£ + l: 



= E PC 5l2_n ' 1 • • • • • C^- 1 ' 1 • *r V+1 ~ lr,1 )7n • • • • • Ti, 



Xl) 



where r = 1, ...,£ + 1 and i r+ \ =1 + 2. The summation in goes over all ordered subsets 

I r = {i\ < %2 < ■ ■ • < i r } of {1, 2, • • • ,£ + 1}. Here we use the notations 

T if(P e+1 ) = f(ii +1 )i Pl+l,k = Pl+l,k + 

X. = 1 _ q Pe + i, i -Pi + i, i+ i+\ i = !,...,£, X e+1 = l. 

The corresponding eigenvalue problem can be written in the following form: 

^(Et+i^w^i) = (E n «) «feWi(E« + i)' (i.2) 

Ir i&Ir 

and the first nontrivial Hamiltonian is given by 



n f e+1 (Ei + i) = E^ 1 " q p ^- pi +^ +1 )T t + T e+1 . (1.3) 



One of the main results of [GLOlJ now can be formulated as follows. Given p = (pe+\ i, • • • , Pe+i i+i) 
let us denote by ^ (P£ +1 ) a se t °f collections of the integer parameters pk,i, k = 1, ...,£, 
i = 1, . . . , k satisfying the Gelfand-Zetlin conditions Pk+i i > Pki > Pk+i i+i- Let Ve+i lip*,-, ) be a 
set ofp £ = (p it i, . . . ,pej), pt,i e Z, satisfying the conditions pt+ij > Pe,i > Pe+i,i+i- 

Theorem 1.1 A common solution of the eigenvalue problem hi. 2^1 can be written in the following 
form. For Pg being in the dominant domain P£+i,i > ■ ■ ■ > pi+^g+i, the solution is given by 



i+i 

Sk+i r n \ _ ST TT _EiPfe,i-EiPfc-i,i 

zi,-,ze+i\P£ +1 ) — 2^t 11 k 



i fc-i (1.4) 
11 11 (PM-»,w)g ! 

fc=2 i=l 



fc=li=l 



2 



where we use the notation (n) q \ = (1 — q)...(l — q n ). When Pj +1 is outside the dominant domain 
we set 

yfi^.,z e+1 (Pe+i,i, ■ ■ ■ ,Pe+i,t+i) = 0. 
Example 1.1 Let q = g( 2; p2,l := Pi £ ^> P2,2 '■= P2 £ Z an<i := p G Z. T/ze function 

z P z Pl+P2~P 

*fe*a(pi,P2)= E 7 — L fr7 rr> pi>^2, 

P2 ^ P1 (P1-P) 9 !(P-P2) 9 ! 

*ft Z2 (Pl,P2) =0, Pl<P2, 

is a common eigenfunction of mutually commuting Hamiltonians 

%f 2 = (1 - q pl - p2+1 )T 1 + T 2 , Uf 2 = TiT 2 . 



The formula (11. 4p can be easily rewritten in the recursive form. 
Corollary 1.1 T/ie following recursive relation holds 

P^^+m(P £+1 ) 

w/iere 

Qz+v^+i^lc) = "i , 



(1.5) 



11 (Pl+l,i - Pt,i)q ] - (Pt,i - Pl+l,i+l)q } - 
i=l 

t-l 

A(^) = Y[(P£,i - P£,i+l) 



(1.6) 



lq- 



i=l 



The following representations of the class one g-deformed g[£ +1 -Whittaker function are a con- 
sequence of the positivity and integrality of the coefficients of the g-series expansions of each term 
in the sum (fl~4"j) (see |GLQ1| for details). 

Proposition 1.1 (i). There exists aC*xGL( + i(C) module V such that the common eigenfunction 
(jl.4p of the q-deformed Toda chain allows the following representation for pe+i,i > Pe+1,2 > • • • > 
P£+l,£+l : 

*t +1 (Pe +1 ) = ^vq Lo Utll XiHi , (1-7) 

where Hi := Eii, i = 1, . . . , £+1 are Cartan generators o/g^ +1 = Lie(GL^ + i) and Lq is a generator 
o/Lie(C*). 

(ii). There exists a finite- dimensional C* x GL^ +1 (C) module Vf such that the following repre- 
sentation holds for pe+i : i > Pe+1,2 > • • • > Pe+i,e+i : 

e+i 

= A(P m ) *t +1 (P i+1 )=Trv } q Lo i[« XiHi - ^ 

i=l 

The module V entering (jl.7p and the module Vf entering (jl.8p Ziaue a structure of modules under 
the action of (quantum) affine Lie algebras JULUTjj. 
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2 Classical limit of g-deformed Toda chain 



In this Section we define a limit q — > 1 of the g-deformed gl^ +1 -Toda chain reproducing the standard 
0^ +1 -Toda chain. We provide an explicit check that the first two generators of the ring of quantum 
Hamiltonians of g^ +1 -Toda chain arise as a limit of some combinations of the following quantum 
Hamiltonians of the g-deformed Toda chain 



H 



f e+1 (P E+1 \Q) = E( X " q n+1 ' i ~ Pi+1 ' i+1+1 ^j Ti + T e+1 , 



i=i 



^Sr(P, +1 k) = T 1 T 2 ---T t+1 . 
Let us introduce the following parametrization: 

q = e~ e , Pe+i,k = (£ + 2- 2k)m(e) + a^ +ljfc e _1 . 

Here m(e) € Z is given by 



m(e) = — [e 1 In e], 



and [x] G Z is the integer part of x. 



(2.1) 



Proposition 2.1 The following limiting relations hold: 

1 



#r +1 fe+i) = lim - r nt + ^Ax,e)\q{e))-{i + l) 



e-5>0 e L 



Hf e+1 (x e+1 ) =- lim 1 [«!^ 1 (p €+1 (a;,e)|g(e))-W& 1 (E t4 . 1 (x,£)| g ( e ))-^ 

+^St^ +1 (^)|g(e))-l) 2 
w/iere flf £+1 , i = 1,2 are i/ie standard quantum Hamiltonians of the gl e+1 -Toda chain 



e+i 



\ dx e+1 . 



^ +1 fe +1 ) = -^E^ + E^ +1 - 



2 f-f ax? 

i=i * 



Proof. Using the fact that exp(e[2(e) 1 ln(e)] = e 2 (l + 0(e 2 /lne)) we have 

e+i r, 1 m ^ 2 £ 



i dx 1+i, 



e+i „ m-i 



fe=i 

a 2 



^ dx e+lt i 2 dxg+i t idx£+ij 



+ 0(6 3 ). 
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Now the limiting formulas can be straightforwardly verified. We have 

£+1 „ 2 I 

£2 (- - 2 T. a- s; , - + o( £ s ). 



and thus 



£+4 „ 2 £ 

S^tf^ £ e * W ,* +1 -W) +0(e 3 

^ i=1 ^£+1,* fc=1 



e 



□ 



It is easy to see that the eigenfunction problem (|1.2p is transformed into the standard eigen- 
function problem if we use the following parametrization of the spectral variables Zi = e teXi , i = 



3 Classical limit of class one Whittaker function 

In the limit q — > 1 defined in the previous Section the class one solution (jl.4p of the g-deformed 
S^+i-Toda chain should goes to the class one solution of the classical g[£ +1 -Toda chain. In the 
classical setting an integral representation for class one g[^ +1 -Whittaker function was constructed 
by Givental |Gij . (see [GKLO] for a choice of the contour realizing class one condition) 

VftU^L • • = / II dx k e^ +1 M (3.1) 

Jc k=i 

and the function J^+i (x) is given by 

£+1 n n-1 I k 

n=l i=l i=l k=l i=l 

(l+i)l . 

Here C C N + is a small deformation of the subspace R 2 c C 2 making the integral (|3.2|) 
convergent. Besides, we use the following notation: A = (Ai, . . . , A^ +1 ); X{ := z^+i i> i = 1, . . . , £+1. 

The integral representation (|3.ip allows a recursive presentation analogous to (|l,5p 

^Ji^+i^ii-'-'^+i) = / d ^ 1 (^+i;^; A m)rf/,...,A / ( a; ^i'---' a; «)' (3.3) 



where 

£+1 £ 



i=l i=l 

_ ^ e x i,i- x e+i,i _)_ e ^£+i,i+i-^,i^ I 



(3.4) 



i=i 
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and we assume Q^^ii; Ai) = e lXlXl1 . 

In the following we demonstrate that in the previously defined limit q — )■ 1 the class one q- 
deformed gl£ +1 -Whittaker function given by the sum (|1.4|) indeed turns into the classical class one 
0^+i-Whittaker function given by the integral representation (|3.ip . In particular iterative formula 
(|1.5p turns into (j3.3|) . For this purpose we need the following asymptotic of the g-factorials entering 

Lemma 3.1 Let us introduce the following functions 

fa(y,e) = (y/e + am(e)) q \, a = 1,2, 
where m(e) = — [e _1 hie], q = e~ e . Then for e — > +0 the following expansions hold: 

h(y,e) = e A ^- y+ °V; (3.5) 

/ 2 (y,e) = e^H°^- 1 ), (3.6) 

where A(e) = - |ln^. 



Proof. Taking into account the identity 

N N N +oo 



ln n a - ? n ) = E ln d -? n ) = -EE V = - E 7 (V *' 



n=l n=l n=l r=l r=l 

and using the substitution q = e~ e , N = e _1 y + am(e) we obtain 

+'- 10 g— re g— cvrem(e) g— ry 



In /a(y,e) = - ^ 



r \ 1 — e re / 

r=l \ / 

Now expanding the denominator over small e we have 

In / a (y, e) = - V — )+... = - V -g- j x + ■ ■ ■ , 

and for the derivative we obtain 

+°° j / gOrg— ry— re \ +°° 

o y in /a(y> = - E - ( v l _i re+ i r2 g 2 + .,, J + • • • = X> i«*(v> ^ 

where 

+oo +oo 

/«,*(!/, e) = E e k+ar r k e~y r = e k £ t = e^e", 

r=l r=l 

and c_i = —1. Let us separately analyze the term I a _i and the other terms I a k>o- We have 



t k 



Qk 1 



i dy k l- e a e~y ' 



and thus 

Ia,k>o = e k+a e~y + ■ ■ ■ , a = 1,2. 
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Now consider the case of k = — 1 
c-lI Q) _i(y, e)=~f- = ~ ln(l - 1) = -- ln(l - e a e^ )) = e^e"* + • • • , 4 



e- y e a . 



r=l 



This gives (|3.5p . (|3.6p with an unknown -A(e). To calculate -A(e) we take e _s/ = and notice that the 
resulting function does not depend on a. Thus we should calculate the asymptotic of the following 
function: 



In f a (y,e)\ e v=o = - 



r=l 



1 _ e ra e -ry 

1 - e~ rt 



ev=0 



E r ( i 



r=l 



+oo +oo 1 + OO 

EEk^^na 



n=l r=l n=l 

It can be easily done using the modular properties 



of the Dedekind eta function 

Namely, taking r = ^- we have 
fa{y, e) 



7/(-r x ) = \/^rr r?(r), 

oo 

V ( T ) = JJ(1 



2mnT\ 



n=l 



e-y=o 



2 — 

v / 27re- 1 e"ir e ~ 1 - e" 



-e- 1 (27r) 2 n 



n=l 



This allows to infer the following result for the leading coefficients in the asymptotic expansion of 
ln/ a (y,e) 



e~y=o 



A(e) = — In e 1 , 

w 2 2vr 6 



+0. 



(3.7) 



This completes the proof of Lemma. □ 



Theorem 3.1 Let us use the following parametrization 

q = e~ e , Pi+i,k = (£ + 2- 2k)m(e) + e _1 ^ + i fc , 



Zk 



(3. 



where k = 1, ...,£ + 1, m(e) = — [e _1 lne]. XTie integral representation f)3. 1 1) o/ i/ie classical 
glg+i -Whittaker function is given by the following limit of the q-deformed class one Ql£ + i-Whittaker 
function represented as a sum (|1.4p 



lim 



* zi,...,zt + i{Pj, +1 , 



(3.9) 



where A(e) 



TX Z 1 1 



2 In ^ and Xi = X£ +1>i , i = 1, ...,£+ 1. 
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Proof. We prove (|3.9p by relating the recursive relation (jl.5 



t+i e 
T. Pi+i,i- T. Pe,j 



p e eV e+1 Ap e+1 ) 



where 

1 



Qe+iAEe+vEM") 



EI (PM-i,i - P^.iV (Pi,i ~ P£+l,i+l)q ] - 

i=1 (3.10) 



i=l 

with the recursive relation (13.3|) for the classical Whittaker function. 

Let us introduce the following parametrization of the elements of the Gelfand-Zetlin patterns 
Pj, e T'e+i,e(p £+1 )- 

Pe,k = £~ 1 xe,k + a k m(e) , m(e) = -[e _1 lne], (3.11) 
where a k are some constants. The Gelfand-Zetlin conditions on weights Pj +1 reads as follows: 

Pe+i,k > Pe,k > Pe+i,k+i , k = l,...,£, 

and they lead to 

e^xe+i, k + (£ + 2- 2k)m(e) > e~ V k + a k m{e) > e _1 ^ + i, k +i + 2k)m(e) . (3.12) 

The requirement that the limit e — > +0 preserves the conditions (|3.12p implies the following re- 
strictions on the parameters a k : 

£-2k + 2 > a k > £-2k, k = l,...,£. (3.13) 

Since = (p^i, • • • ,Pe,e) £ 2/ the only consistent choice in the limit e — > +0 is a k = I + 1 — 2k, 
k = 1, . . . ,£. Although the variables p^^ k are restricted to be in positive Weyl chamber i.e. pi >k > 
Pi,k+ii m the limit e —> +0 the variables X£ <k have no such restrictions. This follows from a simple 
observation that the limit e — > +0 the j — 6[e _1 lne] — > +00/ — 00 depends only on the sign of 
non-zero coefficient b. Thus we have 

Pe,k = e~Vfc + (£ + 1 ~ 2k)m(e) . (3.14) 
Now using Lemma l3.1l it is easy to obtain the following limiting formulas: 

e 2£A(e) 

}X^ Q e 2£A{e) Qi + iAP i+v PM) = JSo-j 

II h( x e+i,i - xe,i,e) fi(x£ t i - xe+i,i+i,e) (3 15) 



Qt e f +1 {x £+1 ;x £ ; Xt+i) 



A^+i=0 



liineM^A^ ) = lim e (M>A(e) J] / 2 ( X£>< - x e , i+1 , e) = 1, (3.16) 



<e->+0 e->+0 

i=l 
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where Q^ +1 {%t+ii9k'i ^e+i) is given by (|3.4p . This implies the following identity: 



{' E 



€+1 < 

E E P<?j 



-1) (£-l)(£+2) 



,(M-l)A(e), 



x e 2 e 2 



Q^+i^fe+i^k) A (^) 
^ e) *fe..*(£<)} 



, e+i i 

I dxj, exp jzA £+ i - ^2 x e,j) } 

i=i i=i 



x lim 



■ £(£-1) (f-l)(£+2) , - 

e — e 2 A(e) nt..,Mx, e)) 



(3.17) 



x lim 

Thus we recover the recursive relations f|3.3j) for the Givental integrals directly leading to the integral 
representation (|3.ip for the classical g[^ +1 -Whittaker function. Using (|3.17p iteratively over t we 
obtain (E3D. □ 



Example 3.1 For £ = 1 we have 

*fe Z2 (P2,l,P2, 2 ) = X] 



Pl,l P2,l+P2,2-Pl,l 



(Pl.l -P2,2)g!(P2,l -Pl,l)« 



£•2,2 < P2.1 



P2,2<P1,1<P2, 

*21,2 2 (P2,1)P2, 2 ) = 0, p 2 ,2 > P2,l 

Using the parametrization 

q = e~ e , p 2 i = m(e) + x 2 \e~ l P22 = -m{e) + x 2 ie~ 1 Zi = e" 
with m(e) = — [e _1 ln e] we obtain 

e lXlX 11 +lX 2 (x 2 l+X22-X 11 ) 



* = 1,2, 



^!%,(P21,P22) 



E 



£22— £Ti(e)<a;ii<a;2 1 i+em(e) 

where we use the notations p\\ = x\\je. Taking into account 



((x n - x 22 )/e + m(e)) q \ ((x 2 i - x n )/e + m(e)) q \ ' 



1 



(y/e + m{e)) q \ 



we obtain 



ipf^ X2 (x 1 ,x 2 ) = lim n ee 1 l " 



3 £ 2tt 



e->+0 



*fe 22 (P21,P22) 
/ rf Xlie * A l :c il e lA 2( a; 2i+a;22-a;ii) e -e a; li- :I: 2i-e :I: 22-^li 
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